Let A be a noetherian connected graded algebra of global dimension 3. We show that A is regular in the sense of Artin and Schelter if one of the following Ž . Ž . conditions holds: 1 A is generated by two elements; 2 the graded simple module Ž . Ž has a standard resolution; 3 the degrees of minimal relations are the same this . includes the quadratic case . Some general properties of A are studied without assuming regularity.
Ž . Ž . Ž .
Still, even in global dimension 3, many questions remain unanswered. For example, for algebras of global dimension less than 3 it is known that w x every noetherian connected graded algebra is regular SteZ, 3.5 . The corresponding question in global dimensions 3 and higher is unsolved. However, noetherian connected graded PI algebras of finite global dimenw x sion are known to be regular StaZ1, 1.1 . We focus on:
Question. Is every noetherian connected graded algebra of global dimension 3 also regular?
We give an affirmative answer to this question in several cases.
THEOREM 0.1. Let A be a noetherian connected graded algebra of global dimension 3. Then A is regular if one of the following conditions holds:
Ž .
i A is generated by two elements;
Ž .
ii k has a standard resolution; i.e., the minimal free resolution of k is Ž . Ž . in the form of 0.1 or 0.2 ;
iii the defining relations of A are all in the same degree.
The third case includes the class of quadratic algebras, and thus a consequence is the following. COROLLARY 0.2. E¨ery noetherian quadratic algebra A of global dimension 3 is regular. As a consequence, A is Koszul and generated by three elements subject to three quadratic defining relations, and its Hilbert series is Ž . y3 1 y t .
We also prove that the regularity is equivalent to some weaker conditions on the Ext-groups. PROPOSITION 0.3. The following are equi¨alent for noetherian connected graded algebras A of global dimension 3.
i A is regular. In Section 1, we give background on graded rings and modules, including the relevant definitions. In Section 2 we study some elementary properties i Ž . Ž. of Ext k, A . The main result in Section 3 is Theorem 0.1 i and the main Ž . Ž . result in Section 4 is Theorem 0.1 ii , iii . In Section 5, we prove that a noetherian connected graded algebra of global dimension 3 has Gelfand᎐Kirillov dimension at least 3. 
The fact that A is connected graded implies that any left bounded projective graded A-module is free. Free graded A-modules are direct sums of shifts of A. If A is noetherian, then every finitely generated Ž . graded A-module M has a unique minimal graded resolution by free graded A-modules, and such a resolution is finite in the sense that all of the free modules occurring are finitely generated. We will usually omit the excessive terminology and refer to such a resolution as the minimal resolution of the graded module M.
The projecti¨e dimension of a graded left A-module M is defined to be
The left global dimension of A is defined by
Ž . The number r.gldim A is defined similarly using right modules. If A is connected graded and noetherian, then
In the event that a graded A-module M has finite projective dimension, the minimal resolution of M can be written as 
shows that this factor ring is not left noetherian, and thus A is not. The proof for the right-hand version is symmetric.
Con¨entions and Notation
. We will abbreviate Ext M, A to E M , and E E M will be written 
Throughout the rest of this paper, A is a noetherian, connected graded k-algebra of global dimension 3. We will use B, C, . . . for general connected graded algebras.
i j Ž . In this section we study some basic properties of E k and E k without assuming the regularity of the algebra. Later in the paper, we use these elementary properties to show that A is regular in many cases. w x The following is proved in ATV2, 3.9 . We note that the result as stated w x in ATV2, 3.9 assumes regularity, but the regularity hypothesis can be avoided in the global dimension 3 case following the proof of its local w x version given by Snider Sn . 
ii The statement follows from exactness away from the main Ž . diagonal in the table 1.2 when d s 3.
Ž .
iii The fact that Q m M s 0 implies that every element of M is 
This completes the proof of v .
When M s k we can say a little more.
PROPOSITION 2.3. The following hold for k and k
and there is an exact sequence of graded morphisms
iii h t y h t s "t , where l s deg p t .
Proof. We prove this only for k.
Ž . k n be a graded surjection for some n, and let K s ker h. By Proposition Ž . 3 Ž .
i we have Q m E k s 0 and thus
gives rise to a long exact Ext sequence
. have E k s 0, and thus by exactness of 2.3 we have E k n s 0.
12 Ž . for k now has only three potentially nonzero terms:
Then by the convergence of 2.2 we have
A A for i s 0, 1, 2 and
12 Ž . Now there are only two potentially nonzero terms: E k and E k .
A A
The convergence of the spectral sequence now gives the required short exact sequence.
iii By i and Proposition 2.2 iii we have E k s E k s 0. w x Ž . Moreover, SteZ, 2.3 and Lemma 1.1 2 imply that 
COROLLARY 2.4. The following hold.
Ž .
Ž . Ž . sequences, and agree when dim M s 1. Thus g t s h t by induction
on the length of M. Ž . Ž . exact sequence shows that E G ( E L .
CASE 1: A IS GENERATED BY TWO ELEMENTS
In this section we show the following. THEOREM 3.1. If A is generated by two elements, then A is regular.
The proof follows from some preliminary results. Suppose A is generated by two elements of degrees a and b. We say k has a standard resolution if the minimal resolution of k is of the form Then either rank F -rank F or F s F s 0. Ž . Ž . Proof. We note first that rank F F rank F since is injective and
The fact that F : F implies that G : G , and thus by factor-3 2 2 3 k 3 Ž . ing out the image of G in E k we have an exact sequence
where is used to represent the map induced by on F and J is a 2 3 Ž .
If F / 0 and rank F s rank F , we examine ker to derive a
This implies that rank J G 1, which contradicts the fact that
Ž . is exact, implying that either J s 0 or pdim J s 1. By Corollary 2.4 ii , Ž . pdim J / 1, and hence J s 0. But J s 0 also leads to contradiction, since k k k Ž . in the case : F ª F is an isomorphism, implying that 3.2 is not 2 3 minimal.
COROLLARY 3.4. Suppose the minimal resolution of k is of the form
Then, for each j, we ha¨e Ý ⑀ -Ý r if the first sum is nonzero.
F . The assertion follows from Proposition 3.3.
2
Now we are ready to prove Theorem 3.1.
Ž . Proof. Assume that A is generated by two elements of degrees a, b
with a F b. The minimal resolution of k takes the form
where P s [ A yi and P s [ A yi with ⑀ , ⑀ , r , and r
nonzero. By the additivity of rank, we have rank P s rank P q 1. Since 2 3
A is a domain, every relation involves both generators. Hence G a q b. It follows from the minimality of the resolution that ) . 
Ž . and c s 0 in 3.5 . Since GKdim A G 2, pЈ 1 s 0. This implies that i Ž . N s 2 a q b and the above resolution is standard. It follows from Lemma 3.2 that A is regular.
Ž . The rest of the proof will show that P s A yN . Suppose on the
This shows that Ý r is either 1 or zero. 
CASE 2: k HAS A STANDARD RESOLUTION
In this section we assume that A is generated by three elements of Ž . degree a, b, c with a F b F c. We say k has a standard resolution if the minimal resolution of k is of the form In this section we show the following. We treat each of these cases separately in Propositions 4.3, 4.5, and 4.6, and this will complete the proof of the theorem. 
² :
Proof. In this case, A is a quadratic algebra of the form TVr W , where TV is the tensor algebra on a three-dimensional vector space V and W is a three-dimensional subspace of V m V. A minimal graded free resolution of k has the form
Here, we regard the entries of Ž . fact that A is a domain 2.1 .
Thus we may assume dim G s 2. In this We note that now m is nonzero, otherwise A would be not noetherian 33 T Ž . by Lemma 1.2. This change of generators does not affect y s y , y , 0 .
from left to right, the nonzero homology groups of the following sequence Ž . Ž . which comes from applying Hom ᎐, A to 4.2 :
We derive a contradiction by computing p and q . Clearly P s Ž .
Thus, a spanning set for I consists of the vectors Now K s a, b, c a, b, c g A and y a q y 
We now prove Corollary 0.2 from the Introduction.
COROLLARY 4.4. E¨ery noetherian quadratic algebra A of global dimension 3 is regular. As a consequence, A is Koszul and generated by three elements subject to three quadratic defining relations, and its Hilbert series is
Proof. Since A is quadratic, k has a minimal free resolution:
Ž . where e G 3. Then p t s "t p t implies that g s r and [ A ye
Ž . s A y3 . Since GKdim A G 2, then pЈ 1 s 0, which implies that g s 3.
Thus k has a resolution n X zx q n X zy s n xz q n yz q g x, y Ž .
11 12 11 12 1 n X zx q n X zy s n xz q n yz q g x, y .
Ž . Now no term of any relation contains a monomial of the form z i y or z i , and again we contradict Lemma 1.2.
Thus NЈ has rank 2. Similarly N has rank 2. The algebra A may now be ² : written as R z , where z satisfies
Ž . where x , y , ␦ x , and ␦ y only involve x and y, and x and Ž . w x y are linear. By Ste1, 3.8 , extends to an automorphism of R and ␦ w x extends to a left -derivation. Furthermore, A ( R z; , ␦ . The fact that R is a regular algebra of global dimension 2 implies that A is regular of global dimension 3. Now assume that a -b -c. In this case, the relations f and f take 2 3 the form n X zx s n xz q g x, y Ž . n X yx q n X zx s n xy q n xz q ␣ x i 11 12 11 12 1 n X yx q n X zx s n xy q n xz q ␣ x i . 21 22 21 22 2 Ž X . Ž . We claim that NЈ s n and N s n are invertible matrices. If the i j i j rank of NЈ is 0 or 1 we may take a linear combination of the relations above to produce a relation of the form
with ␣ , ␤, and ␥ not all zero. This clearly contradicts the fact that A is a Ž . domain Lemma 2.1 . Thus NЈ has rank 2 and is invertible. A similar proof shows that N is invertible. Notice that x is a normal element in A , and x a is also regular since A is a domain.
The algebra R s ArxA is generated by the images of y and z modulo Ž xA, with one quadratic defining relation i.e., a relation of degree 2 b in y . Ž . Ž a . y1 Ž and z . As x is a regular normal element of A and H t s 1 y t 1
, it follows that H t s 1 y t . As R is noetherian, we see R that R is a regular algebra of global dimension 2. The fact that A is w x regular of global dimension 3 is now a consequence of Le2, 6.3 . This completes the proof of Theorem 4.1. 
[ [
for some positive integers s , a , b, and c . Here a are the degrees of the Proof. If A is minimally generated by two elements, then the assertion follows from Theorem 3.1. If A is minimally generated by three elements, by the rank argument, A must have three relations and the third term of Ž . the minimal resolution of k has rank 1. It follows from pЈ 1 s 0 that k has a standard resolution. Hence the assertion follows from Theorem 4.1.
THE GELFAND᎐KIRILLOV DIMENSION OF A
The aim of this section is to show that if k is algebraically closed, then A has Gelfand᎐Kirillov dimension at least 3. Recall that A is assumed to be a connected graded noetherian algebra of global dimension 3.
LEMMA 5.1. GKdim A G 2.
Proof. Since GKdim A is an integer, it suffices to show that GKdim A w x ) 1. If not, then A satisfies a polynomial identity by SW , and thus Ž . w x gldim A s 1 by StaZ1, 1.1 . We will apply this lemma to the Veronese subring A Ž d. which has two obvious, but different, gradings. 
